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1 Properties of Effect and Influence

1.1 Recap: voting rules, effect, and influence

Last time, we discussed thinking of a boolean function f : {£1}" — {£1} as a voting
rule. We had a number of examples, including the Majority, And, Or, Dictator, and Tribes
functions. We also defined the influence

Infl(f) = PXN{:tl}”(f(X) 7é f(X@Z))a x@i =Ty Li—1s —Ljy Lit1s - - - 7mn)

and the effect

~

Eff;(f) = Pxoqaipn (f(X) =1 Xi = 1) = Px a1 (f(X) = 1| Xi = —1) = f({i}).
To derive a Fourier representation for the influence, we introduced the derivative

f(x(z‘»—ﬂ)) _ f(w(i'_)_l))
5 .

D;f(z) =
If f is a boolean function, then we saw that

+1 if 7 is pivotal

0 otherwise.

Dif(x) = {

1.2 Fourier representations of effect and influence

From the definition,
Inf;(f) = E[(D:f(X))?].
Recall that the fundamental theorem of boolean functions gives

f@) = 3 FSvs@), s =]

SC[n] ies



Proposition 1.1. D;f : {£1}" — R can be expressed as

Dif@) S f) ] =

5Cn]:5>i jes\{i}
Example 1.1. If f(2) = 3z — 1o + 2x324, then D f(z) = Sao.
Proof. D; is a linear operator:
Di(f +g) = Dif + Dy, Di(af) = aD;f.

We can write f as a linear combination of characters, so it suffices to see what D; does to
a single character. In particular, we want to show

n 1€8
Dixs = X5\ .
0 i¢S.

When i € S,

[esvgr i1 = Tjes\y 25 (=1)
D: 14 i J i
i H Xy B
JES
jeS\{i}
The definition Inf;(f) = E[(D;f(X))?] makes sense for any f : {+1}" — R, not just
boolean functions.

Lemma 1.1.

Inf;(f) = > F(S)*.

531

Proof.

Inf;(f) = (Dif, Dif)

Using Parseval’s identity,

= > Dif(8)

SC[n]

The previous proposition tells us that if i ¢ .S, EZ\f(S) = f(S U{i}). If S contains 7, then
Dif(S) = 0.

=Y f(1)2. O

T34
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Lemma 1.2.
Eff;(f) = E[D; f(X)].

Proof.

Ex gy [Dif (X)] = (Dif(X), 1)
= Dif(2)
= f{i})
= Eff;(f). O
Corollary 1.1. For any f: {£1}" — {£1} and any coordinate 1,

Proof.

Since D;f equals —1, 0, or +1,

Remark 1.1. We can think of the effect as how likely person i can change the result if
they move first, whereas the influence is how likely person ¢ can change the result if they
move last. So in general, person ¢ has more power if they move last.

Remark 1.2. We have equality if and only if f is monotone in the i-th direction.

1.3 Total influences and total effects

Definition 1.1. The total influence of a function f: {£1}" - R is

I(f) =" Infi(f).

i€[n]

Definition 1.2. The total effect of a function f: {£1}" — R is

Ef(f) = 3 Efi(f).

1€[n]

Example 1.2. Since the Majority function is symmetric,

I(MAJ,) = nInf;(MAJ,) & n-/=— = O(v/n).



Example 1.3. The Parity function is symmetric, so
I(Parity,,) = nInf; (Parity) = n.

Example 1.4.
I(xi) = Y Infj(x;) = Infi(x:) = 1.

JEMN]

Example 1.5. For the Tribes function, we are taking the Or of s Ands of w voters each.
To find the influence of voter 1, observe that voter 1’s vote is pivotal only when all other
tribes vote False, but all other members of x1’s tribe vote True.

x,, (X1 is pivotal for Tribes) = P(all other members of 1’s Tribes vote True)
- P(all other Tribes vote False)

SO

-----

Taking s = In2 - 2%,

2
|

So the total influence of Tribes is
I(Tribes,) = O(logn).

You may wonder if a voting rule which is relatively stable can give all voters low
influence.

Theorem 1.1 (KKL). If f : {£1}" — {£1} and Var(f) = Q(1), then there exists a
coordinate i with influence Inf; > Q(lo%)

To prove this, we will need some more machinery.
1.4 Sensitivity and interpretations of total influence
Definition 1.3. The sensitivity of f at z is
Sensy(x) = # of pivotal coordinates on x.

Lemma 1.3.
I(f) = EXN{il}" [Sensf(X)]~

So the total influence equals the average sensitivity.



Proof.

I(f) =Y nfi(f)

1€[n]

=D Pxeqay (f(X) # [(XT))
i=1

= Exeqray [y 04rxo0)

i=1
= Ex lz_; ]l{f(X)séf(X@i)}]
:EX[S;;ch(X)]. 0
Remark 1.3. Recall that
Infi(f) = # of sensitive ;(i%(is in direction z"

SO
_ # of sensitive edges

H(f) - 2n—1

Here is a third interpretation of total influence.

Lemma 1.4.

I(f)=>_ F(8)*-19].
SCln)
Proof.

I(f) =) Infi(f)
=1

n
Tran2
=221
i=1 S3i
Each coordinate is counted each time it shows up in a set.

=Y F(9)-8l. O
SCln]

For any boolean function f: {£1}" — {£1}, we know

f@) =Y F8) [z > F8?=1.

SCln] €S SC[n]

Define the distribution .4 over subsets S C [n], where S is sampled with probability f(S )2

5



Example 1.6. Recall MAJ3(z1, 22, 23) = %xl + %%2 + %I‘g — %.legxg. This distribution
would pick {1}, {2},{3},{1,2,3} each with probability 1/4.

This gives the interpretation

I(f) = Es~sy IS = D F(9)*-1S).
SC[n]

Remark 1.4. The distribution .y with maximal entropy is the uniform distribution over
all subsets. This corresponds to

f(@) = 2122 © 2324 ® -+ B Tp—12n,
where we are thinking of the z; as elements of F5. Check that f(S) = +277/2.

By Markov’s inequality,

Ps~s,(IS| = E[|S]] -¢) <
——
I(f)

Q=

Which boolean function maximizes I(f)? This is the partiy function [[; z;. Which
boolean function maximizes Eff(f)? It turns out this is the Majority function.

Proposition 1.2. Let n be odd. Among all boolean functions on n variables, MAJ, is the
unique mazimizer of Eff(f).

Proof. Let f:{£1}" — {£1} be any boolean function on n variables.
Eff(f) = F{i})
i=1
= ZEX [f(X)Xi]
i=1

f(X) ZXz] -
i=1

To maximize this, we need to take f(z) = sgn(d ", ;), which is the Majority function. [

Next time, we will given an interpretation of influence in terms of an isoperimetric
inequality on the hypercube, and we will prove Arrow’s theorem.
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